Neural networks

Conditional random fields - computing the partition function



LINEAR CHAIN CRF

Topics: unary and pairwise log-factors

* For brevity, let's assume this notation:

» unary log-factors

au(yk) o a’(L—H’O) (Xk)yk + 11 a(L—H’_l)(Xk—l)yk + lpck a(L—H’_H) (Xk—l-l)yk

or
"y (yk) — CL(L+1) (Xk—17 Xk, Xk—l—l)yk

» pairwise log-factors

ap(ykayk—l—l) T 11§k<K Vykayk—l-l

* [hen we have;
p(y|X) = exp (Zle au(yk) + S py ap(ur, yk+1)> /Z(X)



INFERENCE

Topics: computing p(y|X)
* [hen we have:

p(y|X) = exp (Zle au(Yk) + 3y ap Yk, yk+1)) /Z(X)

where

208 = Xy Loy L o (Th aulh) + T anluhs vha))

hard to compute
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Topics: computing p(y|X)
Z(X) = > exp(au(yk))

Yk

( Z exp(au(Yx_1) + ap(Yx_1,YK))

/
Y 1

(Z exp(ay (yh) + ay(yh, ys3))

Wy

(Z exp(au(y1) + ap(y1, yé))) ) 3 )
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Topics: computing p(y|X)
Z(X) = > exp(au(yk))

Yk

( Z exp(au(Yx_1) + ap(Yx_1,YK))

/
Y 1

(Z exp(ay (yh) + ay(yh, ys3))

Wy

a1 (yz)
> exp(au(yy) +ap(yh.92)) | | -
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Topics: computing p(y|X)
Z(X) = ) exp(aua(yk))

Yk

( Z explay(Ue_1) + ap(Vr_1,Yx))

/
Y _1
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Topics: computing p(y|X)
Z(X) = ) explau(y))

Yk
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Topics: computing p(y|X)
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nb. of classes

\

s computing ply|X) - Complexity in O(KC'?) -

» Algorithm goes as follows:

» initialize, for all values of yé L a1(yh) — Zyi exp(ay(y1) + ap(y1,93))

» for k = 2 to K-1, for all values of y7/€—|-1 :
W) = X, exp(au(yh) + ap(Uh vhar) ak-1(4h)
» Z(X) = 2.y exp(au(Yk)) ar-1(Yk)
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Topics: computing p(y|X)
Z(X) = ) explau(y))

(Z exp(ay(ys) + ap(y1,ys))

Yo

( Z exp(ay (Y _1) + ap(y/K—2> Yk -1))

/
Y 1

(Z exp(au(Yx) + ap(Yx -1, y%))) ) - )
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Topics: computing p(y|X)
Z(X) = ) explau(y))

(Z exp(ay(ys) + ap(y1,ys))

Yo

( Z exp(ay (Y _1) + ap(y/K—2> Yk -1))

/
Y 1

BK(yk—l)
Z exp(ay (Y ) + ap(y/K—la Yi)) i

Yk
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Topics: computing p(y|X)
Z(X) = > expau(y)))
Y

(Z exp(ay(ys) + ap(y1, y5))

Yo

Br (Y1)
Z exp(ay (Y ) + ap(Yr—1,Yx)) oy

Yk
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Topics: computing p(y|X)
Z(X) = > expau(y)))
4

Br(Yx_1)
Z exp(ay (Y ) + ap(Yx_1,Yx))

Yk



INFERENCE

Topics: computing p(y|X)

Br-1(Yx_2)
/ / /
E eXp(CLu(yK_l) _I_a’p(yK—27yK—l)

Y -1
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nb. of classes

\

s computing ply|X) - Complexity in O(KC'?) -

» Algorithm goes as follows:

» initialize, for all values of Yk _1: Br(Yk_,) < >y exp(au(Yk) + ap(Yx_1, Y )
» for k= K-1 to 2, for all values of y,;_l |

- Bre(Yp—1) = 2y exp(au(yy) + ap(Yr_1, 1)) Br+1(v)
 Z(X) = 5, explan(u))falu)

Br41(1)

7/

B (2)€+Br11(2)

Bry1(3)
—
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Topics: forward/backward or belief propagation

» Computing both tables Is often referred to as the forward/
backward algorithm for CRFs

» (¥ I1s computed with a forward pass

» ﬁ s computed with a backward pass

* [t has other names
» belief propagation

» sum-product

@ gives the summation from the left

+ (B gives the summation from the right
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Topics: stable implementation of belief propagation

* For a stable implementation, should work in log space
log ak (yj,11) <= log 3_,, exp (au(yi) + ap(Yy, Yis1) +10g r—1(yy))

log B (yj,—1) <= log 3=, exp (au(yy,) + ap(yj,—1, Vi) + 108 Brt1(y}))

* Log-sum-exp operations are more stable if computed like this:

[ IRCsaplie e =—Triax, (2] 1= log Yl Jexpl(z; — miax; ()
s et

numerically stable



