
Neural networks
Autoencoder - denoising autoencoder



OVERCOMPLETE HIDDEN LAYER
2

Topics: overcomplete representation
• Hidden layer is overcomplete if greater than the input layer
‣ no compression in hidden layer
‣ each hidden unit could copy a 

different input component

•No guarantee that the 
hidden units will extract 
meaningful structure
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Abstract

Math for my slides “Autoencoders”.
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DENOISING AUTOENCODER
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Topics: denoising autoencoder
• Idea: representation should be 

robust to introduction of noise:
‣ random assignment of subset of 

inputs to 0, with probability
‣ Gaussian additive noise

• Reconstruction     computed 
from the corrupted input
• Loss function compares 

reconstruction with the 
noiseless input
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Topics: denoising autoencoder
• Idea: representation should be 

robust to introduction of noise:
‣ random assignment of subset of 

inputs to 0, with probability
‣ Gaussian additive noise

• Reconstruction     computed 
from the corrupted input
• Loss function compares 

reconstruction with the 
noiseless input
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Autoencoders
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Abstract

Math for my slides “Autoencoders”.
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p( e
X|X) = qD( e

X|X). p(Y ) is a uniform prior over
Y 2 [0, 1]d

0
. This defines a generative model with pa-

rameter set ✓

0 = {W0
,b0}. We will use the previ-

ously defined q

0(X,

e
X,Y ) = q

0(X)qD( e
X|X)�

f

✓

( e
X)(Y )

(equation 4) as an auxiliary model in the context of
a variational approximation of the log-likelihood of
p( e

X). Note that we abuse notation to make it lighter,
and use the same letters X, e

X and Y for di↵erent
sets of random variables representing the same quan-
tity under di↵erent distributions: p or q

0. Keep in
mind that whereas we had the dependency structure
X ! e

X ! Y for q or q

0, we have Y ! X ! e
X for p.

Since p contains a corruption operation at the last
generative stage, we propose to fit p( e

X) to corrupted
training samples. Performing maximum likelihood fit-
ting for samples drawn from q

0( e
X) corresponds to min-

imizing the cross-entropy, or maximizing

H = max
✓

0
{�IH(q0( e

X)kp( e
X))}
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✓
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0( e
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X)]}. (6)

Let q
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X) = EE

q

?(X,Y | e
X)
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is a lower

bound on log p( e
X) since the following can be shown to

be true for any q
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X) = L(q?

,

e
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Also it is easy to verify that the bound is tight when
q

?(X, Y | eX) = p(X, Y | eX), where the IDKL becomes 0.
We can thus write log p( e
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? L(q?
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X), and

consequently rewrite equation 6 as
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Figure 2. Manifold learning perspective. Suppose
training data (⇥) concentrate near a low-dimensional man-
ifold. Corrupted examples (.) obtained by applying cor-

ruption process qD( eX|X) will lie farther from the manifold.

The model learns with p(X| eX) to “project them back” onto
the manifold. Intermediate representation Y can be inter-
preted as a coordinate system for points on the manifold.

where we moved the maximization outside of the ex-
pectation because an unconstrained q

?(X, Y | eX) can
in principle perfectly model the conditional distribu-
tion needed to maximize L(q?

,

e
X) for any e

X. Now
if we replace the maximization over an unconstrained
q

? by the maximization over the parameters ✓ of our
q

0 (appearing in f

✓

that maps an x to a y), we get
a lower bound on H: H � max

✓

0
,✓
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X)[L(q0

,

e
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Note that ✓ only occurs in Y = f
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( e
X), and ✓

0 only
occurs in p(X|Y ). The last line is therefore obtained
because q

0(X| eX) / qD( e
X|X)q0(X) (none of which de-

pends on (✓, ✓0)), and q

0(Y | eX) is deterministic, i.e., its
entropy is constant, irrespective of (✓, ✓0). Hence the
entropy of q

0(X, Y | eX) = q

0(Y | eX)q0(X| eX), does not
vary with (✓, ✓0). Finally, following from above, we
obtain our training criterion (eq. 5):
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where the third line is obtained because (✓, ✓0)
have no influence on EE

q

0(X,

e
X,Y )[log p(Y )] because

we chose p(Y ) uniform, i.e. constant, nor on
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e
X)[log p( e

X|X)], and the last line is obtained
by inspection of the definition of LIH in eq. 2, when
p(X|Y = f
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0 (f
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( e
X)).

4.3. Other Theoretical Perspectives

Information Theoretic Perspective: Consider
X ⇠ q(X), q unknown, Y = f

✓

( e
X). It can easily

be shown (Vincent et al., 2008) that minimizing the
expected reconstruction error amounts to maximizing
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p( e
X|X) = qD( e

X|X). p(Y ) is a uniform prior over
Y 2 [0, 1]d

0
. This defines a generative model with pa-

rameter set ✓

0 = {W0
,b0}. We will use the previ-

ously defined q

0(X,

e
X,Y ) = q

0(X)qD( e
X|X)�

f

✓

( e
X)(Y )

(equation 4) as an auxiliary model in the context of
a variational approximation of the log-likelihood of
p( e

X). Note that we abuse notation to make it lighter,
and use the same letters X, e

X and Y for di↵erent
sets of random variables representing the same quan-
tity under di↵erent distributions: p or q

0. Keep in
mind that whereas we had the dependency structure
X ! e

X ! Y for q or q

0, we have Y ! X ! e
X for p.

Since p contains a corruption operation at the last
generative stage, we propose to fit p( e

X) to corrupted
training samples. Performing maximum likelihood fit-
ting for samples drawn from q

0( e
X) corresponds to min-

imizing the cross-entropy, or maximizing

H = max
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X))}

= max
✓

0
{EE

q

0( e
X)[log p( e

X)]}. (6)

Let q

?(X, Y | eX) be a conditional density, the quan-
tity L(q?

,

e
X) = EE

q

?(X,Y | e
X)

h
log p(X,

e
X,Y )

q

?(X,Y | e
X)

i
is a lower

bound on log p( e
X) since the following can be shown to

be true for any q

?:

log p( e
X) = L(q?

,

e
X) + IDKL(q?(X, Y | eX)kp(X, Y | eX))

Also it is easy to verify that the bound is tight when
q

?(X, Y | eX) = p(X, Y | eX), where the IDKL becomes 0.
We can thus write log p( e

X) = max
q

? L(q?

,

e
X), and

consequently rewrite equation 6 as

H = max
✓

0
{EE

q

0( e
X)[max

q

?

L(q?

,

e
X)]}

= max
✓

0
,q

?

{EE
q

0( e
X)[L(q?

,

e
X)]} (7)

x

x

x̃

x̃

qD(x̃|x)

g

✓

0(f
✓

(x̃))

Figure 2. Manifold learning perspective. Suppose
training data (⇥) concentrate near a low-dimensional man-
ifold. Corrupted examples (.) obtained by applying cor-

ruption process qD( eX|X) will lie farther from the manifold.

The model learns with p(X| eX) to “project them back” onto
the manifold. Intermediate representation Y can be inter-
preted as a coordinate system for points on the manifold.

where we moved the maximization outside of the ex-
pectation because an unconstrained q

?(X, Y | eX) can
in principle perfectly model the conditional distribu-
tion needed to maximize L(q?
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e
X) for any e

X. Now
if we replace the maximization over an unconstrained
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? by the maximization over the parameters ✓ of our
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0 (appearing in f
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that maps an x to a y), we get
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Note that ✓ only occurs in Y = f
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occurs in p(X|Y ). The last line is therefore obtained
because q

0(X| eX) / qD( e
X|X)q0(X) (none of which de-

pends on (✓, ✓0)), and q

0(Y | eX) is deterministic, i.e., its
entropy is constant, irrespective of (✓, ✓0). Hence the
entropy of q

0(X, Y | eX) = q

0(Y | eX)q0(X| eX), does not
vary with (✓, ✓0). Finally, following from above, we
obtain our training criterion (eq. 5):
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where the third line is obtained because (✓, ✓0)
have no influence on EE
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e
X,Y )[log p(Y )] because

we chose p(Y ) uniform, i.e. constant, nor on
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X|X)], and the last line is obtained
by inspection of the definition of LIH in eq. 2, when
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4.3. Other Theoretical Perspectives

Information Theoretic Perspective: Consider
X ⇠ q(X), q unknown, Y = f
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X). It can easily

be shown (Vincent et al., 2008) that minimizing the
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p( e
X|X) = qD( e

X|X). p(Y ) is a uniform prior over
Y 2 [0, 1]d

0
. This defines a generative model with pa-

rameter set ✓

0 = {W0
,b0}. We will use the previ-

ously defined q

0(X,

e
X,Y ) = q

0(X)qD( e
X|X)�

f

✓

( e
X)(Y )

(equation 4) as an auxiliary model in the context of
a variational approximation of the log-likelihood of
p( e

X). Note that we abuse notation to make it lighter,
and use the same letters X, e

X and Y for di↵erent
sets of random variables representing the same quan-
tity under di↵erent distributions: p or q

0. Keep in
mind that whereas we had the dependency structure
X ! e

X ! Y for q or q

0, we have Y ! X ! e
X for p.

Since p contains a corruption operation at the last
generative stage, we propose to fit p( e

X) to corrupted
training samples. Performing maximum likelihood fit-
ting for samples drawn from q

0( e
X) corresponds to min-

imizing the cross-entropy, or maximizing

H = max
✓

0
{�IH(q0( e

X)kp( e
X))}
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✓

0
{EE

q

0( e
X)[log p( e

X)]}. (6)

Let q

?(X, Y | eX) be a conditional density, the quan-
tity L(q?

,

e
X) = EE

q

?(X,Y | e
X)

h
log p(X,

e
X,Y )

q

?(X,Y | e
X)

i
is a lower

bound on log p( e
X) since the following can be shown to

be true for any q

?:

log p( e
X) = L(q?

,

e
X) + IDKL(q?(X, Y | eX)kp(X, Y | eX))

Also it is easy to verify that the bound is tight when
q

?(X, Y | eX) = p(X, Y | eX), where the IDKL becomes 0.
We can thus write log p( e

X) = max
q

? L(q?

,

e
X), and

consequently rewrite equation 6 as
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Figure 2. Manifold learning perspective. Suppose
training data (⇥) concentrate near a low-dimensional man-
ifold. Corrupted examples (.) obtained by applying cor-

ruption process qD( eX|X) will lie farther from the manifold.

The model learns with p(X| eX) to “project them back” onto
the manifold. Intermediate representation Y can be inter-
preted as a coordinate system for points on the manifold.

where we moved the maximization outside of the ex-
pectation because an unconstrained q

?(X, Y | eX) can
in principle perfectly model the conditional distribu-
tion needed to maximize L(q?

,

e
X) for any e

X. Now
if we replace the maximization over an unconstrained
q

? by the maximization over the parameters ✓ of our
q
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that maps an x to a y), we get
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Note that ✓ only occurs in Y = f

✓

( e
X), and ✓

0 only
occurs in p(X|Y ). The last line is therefore obtained
because q

0(X| eX) / qD( e
X|X)q0(X) (none of which de-

pends on (✓, ✓0)), and q

0(Y | eX) is deterministic, i.e., its
entropy is constant, irrespective of (✓, ✓0). Hence the
entropy of q

0(X, Y | eX) = q

0(Y | eX)q0(X| eX), does not
vary with (✓, ✓0). Finally, following from above, we
obtain our training criterion (eq. 5):
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where the third line is obtained because (✓, ✓0)
have no influence on EE

q

0(X,

e
X,Y )[log p(Y )] because

we chose p(Y ) uniform, i.e. constant, nor on
EE

q

0(X,

e
X)[log p( e

X|X)], and the last line is obtained
by inspection of the definition of LIH in eq. 2, when
p(X|Y = f

✓

( e
X)) is a B

g

✓

0 (f
✓

( e
X)).

4.3. Other Theoretical Perspectives

Information Theoretic Perspective: Consider
X ⇠ q(X), q unknown, Y = f

✓

( e
X). It can easily

be shown (Vincent et al., 2008) that minimizing the
expected reconstruction error amounts to maximizing
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(equation 4) as an auxiliary model in the context of
a variational approximation of the log-likelihood of
p( e

X). Note that we abuse notation to make it lighter,
and use the same letters X, e

X and Y for di↵erent
sets of random variables representing the same quan-
tity under di↵erent distributions: p or q

0. Keep in
mind that whereas we had the dependency structure
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X) to corrupted
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Figure 2. Manifold learning perspective. Suppose
training data (⇥) concentrate near a low-dimensional man-
ifold. Corrupted examples (.) obtained by applying cor-

ruption process qD( eX|X) will lie farther from the manifold.

The model learns with p(X| eX) to “project them back” onto
the manifold. Intermediate representation Y can be inter-
preted as a coordinate system for points on the manifold.
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where the third line is obtained because (✓, ✓0)
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4.3. Other Theoretical Perspectives

Information Theoretic Perspective: Consider
X ⇠ q(X), q unknown, Y = f
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X). It can easily
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Extracting and Composing Robust Features with Denoising Autoencoders

Table 1. Comparison of stacked denoising autoencoders (SdA-3) with other models.
Test error rate on all considered classification problems is reported together with a 95% confidence interval. Best performer
is in bold, as well as those for which confidence intervals overlap. SdA-3 appears to achieve performance superior or
equivalent to the best other model on all problems except bg-rand. For SdA-3, we also indicate the fraction � of destroyed
input components, as chosen by proper model selection. Note that SAA-3 is equivalent to SdA-3 with � = 0%.

Dataset SVMrbf SVMpoly DBN-1 SAA-3 DBN-3 SdA-3 (�)
basic 3.03±0.15 3.69±0.17 3.94±0.17 3.46±0.16 3.11±0.15 2.80±0.14 (10%)
rot 11.11±0.28 15.42±0.32 14.69±0.31 10.30±0.27 10.30±0.27 10.29±0.27 (10%)
bg-rand 14.58±0.31 16.62±0.33 9.80±0.26 11.28±0.28 6.73±0.22 10.38±0.27 (40%)
bg-img 22.61±0.37 24.01±0.37 16.15±0.32 23.00±0.37 16.31±0.32 16.68±0.33 (25%)
rot-bg-img 55.18±0.44 56.41±0.43 52.21±0.44 51.93±0.44 47.39±0.44 44.49±0.44 (25%)
rect 2.15±0.13 2.15±0.13 4.71±0.19 2.41±0.13 2.60±0.14 1.99±0.12 (10%)
rect-img 24.04±0.37 24.05±0.37 23.69±0.37 24.05±0.37 22.50±0.37 21.59±0.36 (25%)
convex 19.13±0.34 19.82±0.35 19.92±0.35 18.41±0.34 18.63±0.34 19.06±0.34 (10%)

(a) No destroyed inputs (b) 25% destruction (c) 50% destruction

(d) Neuron A (0%, 10%, 20%, 50% destruction) (e) Neuron B (0%, 10%, 20%, 50% destruction)

Figure 3. Filters obtained after training the first denoising autoencoder.
(a-c) show some of the filters obtained after training a denoising autoencoder on MNIST samples, with increasing
destruction levels �. The filters at the same position in the three images are related only by the fact that the autoencoders
were started from the same random initialization point.
(d) and (e) zoom in on the filters obtained for two of the neurons, again for increasing destruction levels.
As can be seen, with no noise, many filters remain similarly uninteresting (undistinctive almost uniform grey patches).
As we increase the noise level, denoising training forces the filters to di�erentiate more, and capture more distinctive
features. Higher noise levels tend to induce less local filters, as expected. One can distinguish di�erent kinds of filters,
from local blob detectors, to stroke detectors, and some full character detectors at the higher noise levels.
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(a) No destroyed inputs (b) 25% destruction (c) 50% destruction

(d) Neuron A (0%, 10%, 20%, 50% destruction) (e) Neuron B (0%, 10%, 20%, 50% destruction)

Figure 3. Filters obtained after training the first denoising autoencoder.
(a-c) show some of the filters obtained after training a denoising autoencoder on MNIST samples, with increasing
destruction levels �. The filters at the same position in the three images are related only by the fact that the autoencoders
were started from the same random initialization point.
(d) and (e) zoom in on the filters obtained for two of the neurons, again for increasing destruction levels.
As can be seen, with no noise, many filters remain similarly uninteresting (undistinctive almost uniform grey patches).
As we increase the noise level, denoising training forces the filters to di�erentiate more, and capture more distinctive
features. Higher noise levels tend to induce less local filters, as expected. One can distinguish di�erent kinds of filters,
from local blob detectors, to stroke detectors, and some full character detectors at the higher noise levels.
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is in bold, as well as those for which confidence intervals overlap. SdA-3 appears to achieve performance superior or
equivalent to the best other model on all problems except bg-rand. For SdA-3, we also indicate the fraction � of destroyed
input components, as chosen by proper model selection. Note that SAA-3 is equivalent to SdA-3 with � = 0%.

Dataset SVMrbf SVMpoly DBN-1 SAA-3 DBN-3 SdA-3 (�)
basic 3.03±0.15 3.69±0.17 3.94±0.17 3.46±0.16 3.11±0.15 2.80±0.14 (10%)
rot 11.11±0.28 15.42±0.32 14.69±0.31 10.30±0.27 10.30±0.27 10.29±0.27 (10%)
bg-rand 14.58±0.31 16.62±0.33 9.80±0.26 11.28±0.28 6.73±0.22 10.38±0.27 (40%)
bg-img 22.61±0.37 24.01±0.37 16.15±0.32 23.00±0.37 16.31±0.32 16.68±0.33 (25%)
rot-bg-img 55.18±0.44 56.41±0.43 52.21±0.44 51.93±0.44 47.39±0.44 44.49±0.44 (25%)
rect 2.15±0.13 2.15±0.13 4.71±0.19 2.41±0.13 2.60±0.14 1.99±0.12 (10%)
rect-img 24.04±0.37 24.05±0.37 23.69±0.37 24.05±0.37 22.50±0.37 21.59±0.36 (25%)
convex 19.13±0.34 19.82±0.35 19.92±0.35 18.41±0.34 18.63±0.34 19.06±0.34 (10%)

(a) No destroyed inputs (b) 25% destruction (c) 50% destruction

(d) Neuron A (0%, 10%, 20%, 50% destruction) (e) Neuron B (0%, 10%, 20%, 50% destruction)

Figure 3. Filters obtained after training the first denoising autoencoder.
(a-c) show some of the filters obtained after training a denoising autoencoder on MNIST samples, with increasing
destruction levels �. The filters at the same position in the three images are related only by the fact that the autoencoders
were started from the same random initialization point.
(d) and (e) zoom in on the filters obtained for two of the neurons, again for increasing destruction levels.
As can be seen, with no noise, many filters remain similarly uninteresting (undistinctive almost uniform grey patches).
As we increase the noise level, denoising training forces the filters to di�erentiate more, and capture more distinctive
features. Higher noise levels tend to induce less local filters, as expected. One can distinguish di�erent kinds of filters,
from local blob detectors, to stroke detectors, and some full character detectors at the higher noise levels.
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• Training on natural image patches, with squared-difference loss
‣ PCA is not the best solution
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Figure 5: Regular autoencoder trained on natural image patches. Left: some of the 12�12
image patches used for training. Middle: filters learnt by a regular undercomplete
autoencoder (50 hidden units) using tied weights and L2 reconstruction error.
Right: filters learnt by a regular overcomplete autoencoder (200 hidden units).
The undercomplete autoencoder appears to learn local blob detectors. Filters
obtained in the overcomplete case look even less meaningful.

Figure 6: Weight decay v.s. Gaussian noise. Typical filters learnt from natural image
patches in the overcomplete case (200 hidden units). Left: regular autoencoder
with weight decay. We tried a wide range of weight-decay values and learning
rates: filters never appeared to capture a more interesting structure than what is
shown here. Note that some local blob detectors are recovered compared to using
no weight decay (contrast with Figure 5 right). Right: a denoising autoencoder
with additive Gaussian noise (� = 0.5) learns Gabor-like local oriented edge
detectors. Clearly the filters learnt are qualitatively very di�erent in the two
cases.
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• Training on natural image patches, with squared-difference loss
‣ Not equivalent to weight decay


