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Abstract
We provide here some additional details relatively to our submission, regarding the derivation of the free-energy

functions for the two ClassSetRBMs.

Derivation of the free-energy for ClassSetRBMXOR

We provide here the derivation of the free-energy for ClassSetRBMXOR. To simplify the derivation, we assume hidden
layer sizes of H = 1. The generalization to arbitrary size is trivial, since the necessary sums factorize for each hidden unit,
for the same reason that the conditional over H given X and y factorizes into each of the jth hidden unit sets {hs

j}.

p(y = ec|x) =
∑
H

p(y = ec,H|x)

=
∑

H exp(−E(X,y,H))∑
H′
∑

c′=1...C exp(−E(X, ec′ ,H′))
(1)

where ∑
H

exp(−E(X,y,H))

=
∑
H

exp

(
d>y +

∑
s

b>x(s) +
∑

s

c>h(s) +
∑

s

(
h(s)>Wx(s) + h(s)>Uy

))

= exp(d>y +
∑

s

b>x(s))
∑
H

exp

(∑
s

c>h(s) +
∑

s

(
h(s)>Wx(s) + h(s)>Uy

))

= exp(d>y +
∑

s

b>x(s))

(
exp(0) +

∑
s

exp
(
c1 + W1·x(s) + U1·y

))
(2)

= exp(d>y +
∑

s

b>x(s))

(
1 + exp(U1·y)

∑
s

exp
(
c1 + W1·x(s)

))
∗ This work was done while Hugo was at University of Toronto
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where at line 2 we used the mutual exclusivity constraint
∑

s h
(s)
1 ∈ {0, 1} over H. Hence we can write

log
∑
H

exp(−E(X,y,H)) = d>y +
∑

s

b>x(s) + softplus

(
U1·y + log

(∑
s

exp
(
c1 + W1·x(s)

)))
= d>y +

∑
s

b>x(s) + softplus (U1·y + softmax1(X))

where we use the definition of softmaxj(X) for the ClassSetRBMXOR (see Section 3.1 of submission). Going back to
Equation 1:

p(y = ec|x) =
∑

H exp(−E(X,y,H))∑
H′
∑

c′=1...C exp(−E(X, ec′ ,H′))

=
exp

(
d>y +

∑
s b>x(s) + softplus (U1·y + softmax1(X))

)∑
c′=1...C exp

(
d>ec′ +

∑
s b>x(s) + softplus (U1·ec′ ,+softmax1(X))

)
=

exp
(
d>y + softplus (U1·y + softmax1(X))

)∑
c′=1...C exp (d>ec′ + softplus (U1·ec′ ,+softmax1(X)))

=
exp

(
−FXOR(X,y)

)∑
c′=1...C exp (−FXOR(X, ec′))

where we recover FXOR(X,y) = −d>y−softplus (U1·y + softmax1(X)) for H = 1. Because of the hidden unit factor-
ization property, we get the general free-energy function FXOR(X,y) = −d>y−

∑H
j=1 softplus (Uj·y + softmaxj(X))

for arbitrary values of H .

Derivation of the free-energy for ClassSetRBMOR

Again, we provide the derivation of the free-energy for ClassSetRBMXOR. Here, we can also simplify the derivation by
we assuming hidden layers of size H = 1.

p(y = ec|x) =
∑
G

∑
H

p(y = ec,H,G|x)

=
∑

G

∑
H exp(−E(X,y,H,G))∑

G′
∑

H′
∑

c′=1...C exp(−E(X, ec′ ,H′,G′))
(3)
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where ∑
G

∑
H

exp(−E(X,y,H,G))

=
∑
G

∑
H

exp

(
d>y +

∑
s

b>x(s) +
∑

s

c>h(s) +
∑

s

(
h(s)>Wx(s) + g(s)>Uy

))

= exp(d>y +
∑

s

b>x(s))
∑
G

∑
H

exp

(∑
s

c>h(s) +
∑

s

(
h(s)>Wx(s) + g(s)>Uy

))

= exp(d>y +
∑

s

b>x(s))

(
exp(0)

(∑
H

exp
(
c>h(s) + h(s)>Wx(s)

))
(4)

+
∑

s

exp(U1·y)

 ∑
H s.t. h

(s)
1 =1

exp
(
c>h(s) + h(s)Wx(s)

)


= exp(d>y +
∑

s

b>x(s))

(
exp(0)

∏
s′

(
1 + exp

(
c1 + W1·x(s′)

))
(5)

+
∑

s

exp(U1·y + c1 + W1·x(s))
∏
s′ 6=s

(
1 + exp

(
c1 + W1·x(s′)

))
= exp(d>y +

∑
s

b>x(s))

(∏
s′

(
1 + exp

(
c1 + W1·x(s′)

)))(
1 + exp(U1·y)

∑
s

exp(c1 + W1·x(s))
1 + exp(c1 + W1·x(s))

)

where at line 4 we used the mutual exclusivity constraint
∑

s g
(s)
1 ∈ {0, 1} over G, and at line 5 we used the inequality

constraint between H and G, h
(s)
1 ≥ g

(s)
1 ∀ s. Hence we can write

log
∑
G

∑
H

exp(−E(X,y,H,G))

= d>y +
∑

s

b>x(s) +
∑
s′

softplus(c1 + W1·x(s′)) + softplus

(
U1·y + log

∑
s

exp(c1 + W1·x(s))
1 + exp(c1 + W1·x(s))

)

= d>y +
∑

s

b>x(s) +
∑
s′

softplus(c1 + W1·x(s′)) + softplus

(
U1·y + log

∑
s

exp(softminus(c1 + W1·x(s)))

)
= d>y +

∑
s

b>x(s) +
∑
s′

softplus(c1 + W1·x(s′)) + softplus (U1·y + softmax1(X))
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where we use the definition of softmaxj(X) for the ClassSetRBMOR (see Section 3.2 of submission). Going back to
Equation 3:

p(y = ec|x) =
∑

H

∑
G exp(−E(X,y,H,G))∑

H′
∑

G′
∑

c′=1...C exp(−E(X, ec′ ,H′,G′))

=
exp

(
d>y + softplus (U1·y + softmax1(X))

)∑
c′=1...C exp(d>ec′ + softplus (U1·ec′ + softmax1(X)))

=
exp

(
−FOR(X,y)

)∑
c′=1...C exp (−FOR(X, ec′))

where we recover FOR(X,y) = −d>y − softplus (U1·y + softmax1(X)) for H = 1. Again, because of the hid-
den unit factorization property of ClassSetRBMOR, we get the general free-energy function FOR(X,y) = −d>y −∑H

j=1 softplus (Uj·y + softmaxj(X)) for arbitrary values of H .
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